Effect of rotationally-invariant Hund's rule coupling on a magnetism of multiorbital Hubbard models is studied within a dynamical mean field theory framework. Comparison of static magnetic susceptibilities and local densities of states of two-and three-orbital models of a complete rotationally invariant Coulomb interaction and a "density-density" Hartree type interaction shows the different role of spin-flip interactions for different band fillings. In the particle-hole symmetric case the Mott-Hubbard physics dominates due to the strong effective Coulomb interaction, while for the multiple electronic configurations away from half-filling (two electrons in the three band model) the formation of local magnetic moments due to Hund's exchange interaction becomes the most significant effect for itinerant magnetic systems. A shift of the temperature of magnetic ordering due to the rotationally-invariant Hund's rule coupling is found to be the largest in a three-orbital model with a two-electron occupancy where the single particle spectrum is metallic and is not sensitive to different forms of the Coulomb vertex. A larger enhancement of the effective mass in a model with a rotationally-invariant interaction is discussed. In the half-filled case we find a drastic change in the density of states close to the Mott transition which is related to the spin-flip Kondo fluctuations in a degenerate orbital case, while the corresponding shift of the magnetic transition temperature is relatively small. It is shown that a change in the ground state degeneracy due to a different symmetry of the Coulomb interaction in the density-density model leads to a breakdown of the quasiparticle peak at the Fermi level in the proximity of a Mott transition on the metallic side. We discuss the relevance of rotationally-invariant Hund's interaction in the transition metal magnetism.
I. INTRODUCTION
In many materials with strong electronic correlations spin and orbital fluctuations play an important role 1 . Experimental spectroscopic data 2 and analysis of a simple model 3 show that the local Coulomb interaction of valence electrons is sufficiently screened, while the higherorder Slater integrals are almost unaffected by a metallic screening. This gives rise to important effects, associated with the Hund's exchange coupling J in stronglycorrelated magnetic compounds. In the case of relatively large onsite Coulomb repulsion in transition metal compounds a ferromagnetic state can be stabilized by orbital ordering of the orbitals in the valence shell 4, 5 . A variation of an effective hybridization between different orbitals can lead to an orbital-selective Mott transition [6] [7] [8] [9] which was observed experimentally in La n+1 Ni n O 3n+1 10 . In the strongly correlated metals away from the particlehole symmetry the effective Coulomb interaction is well screened and the relevant electron interaction is related to a Hund's rule coupling with complicated multiplet fluctuations 11 . The physics of such Hund's metals is dominated by the spin-flip type of fluctuations which lead to a metallic state with correlated local-moments and a reduced spectral weight 11, 12 .
The effective way of making a non-perturbative description of strongly correlated electronic systems is a self-consistent mapping of a complex lattice problem to a single impurity with an energy-dependent external bath. In this dynamical mean field theory (DMFT) 13 the resulting Anderson impurity problem is solved numerically. Until recently numerical solvers for this problem could treat the Hartree-type density-density Coulomb interaction, while an inclusion of the off-diagonal terms led to an exponential increase of the computational time 14, 15 . A significant progress has been achieved with the appearance of the continuous-time quantum Monte-Carlo algorithms 16 . An application of the algorithm to a single Anderson impurity problem with a 3d valence shell (Co atom on a metallic surface) and taking into account a full multiorbital character of the Coulomb interaction results in a shift of the Kondo peak in the density of states and a reduction of the Kondo temperature [17] [18] [19] .
A realistic description of the strongly-correlated electron materials such as transition metal systems with partially filled 3d bands is often impossible without taking into account multiplet effects in the valence shell. Indeed previous LDA+DMFT calculations for the density-density type interaction overestimate the Curie temperature of iron 20 and various manganites 21 by a factor of 1.5 − 2. This inconsistency can be associated either with the absence of non-local correlations in the dynamical mean-field scheme 22 or with the lack of spin-flip and pairhopping terms which are present in the realistic multiorbital Hubbard-like model 23, 24 . In order to separate these contributions we study the Hubbard model in the limit of infinite dimensions where the local dynamical mean field theory becomes exact 13, 25 .
In recent years an extensive study of the two-and three-orbital Hubbard models in infinite dimensions with Numerical Renormalization group (NRG) 14, [26] [27] [28] , self-energy functional approach 29 , equation of motion method 30 , highly optimized Hirsch-Fye 15 , exact diagonalization 31 and continuous time Quantum Monte Carlo (CT-QMC) [32] [33] [34] [35] [36] solvers has been performed and the phase diagrams of the models are established. Insulating phases occur at integer electronic fillings. In the half-filled case the antiferromagnetic behavior is observed for any U larger than the critical value of the metal-insulator phase transition, which is of the order of bandwidth. Away from particle-symmetric regime of the model a ferromagnetism coupled with the orbital order of the electrons in the lattice can be stabilized at large values of U , otherwise a paramagnet or in the case of filling with 2 electrons in a 3-orbital shell the frozen local moment 34 phase is observed. An application of the model to various transition metal oxides with a large Hund's coupling reveal a strong enhancement of the effective mass depending on the valence band electronic fillings 11 .
Despite of a general understanding of the lowtemperature phase diagram of the multiorbital Hubbard model, a careful comparison with the simplified densitydensity Coulomb interaction model, which is generally used in applications to real materials, needs to be performed. One of the experimentally accessible observable quantities is the critical temperature of magnetic phase transitions. In our recent letter [37] the static magnetic susceptibility of the half-filled two-orbital paramagnetic Hubbard model was obtained using the continuous-time interaction-expansion quantum Monte-Carlo solver 38 .
In this paper we discuss the dependence of the magnetic phase transition on the electronic filling in two-and three-orbital Hubbard models for the general rotationally invariant and density-density Coulomb interactions. The interaction expansion variant of the continuous-time quantum Monte-Carlo solver 16, 38 is used for the calculations. The paper is organized as follows. In section II the general multiorbital rotationally invariant Hubbardlike model is introduced. In section III the results for the static magnetic susceptibilities for two-and three-orbital models on an infinite-dimensional Bethe lattice for different electronic fillings are presented. We discuss the importance of spin-flip Hund's rule effects in the half-filled model in section IV and away from half-filling in section V. In appendix A we show that the reduced degeneracy of the ground state of the "density-density" model leads to the disappearance of a quasiparticle peak at the Fermi level. This behavior is effectively traced in a hybridization expansion in auxiliary dual fermions, which uses vertex functions of the "atomic" problem as a building block for the perturbation theory 39, 40 .
II. MODEL
The multiorbital extension of the Hubbard model can be written in the following form:
where t denotes the (orbital independent) hopping between adjacent sites i and j of the lattice and sets the energetic scale of the model, α and σ are orbital and spin indices, µ is the chemical potential andĤ int is the local onsite Coulomb interaction. Without symmetry breaking the Hamiltonian of the onsite Coulomb interaction obeys the rotational invariance and the conservation of spin and can be expressed in terms of the squared total spinŜ 2 , squared angular momentumL 2 and number of particlesN operators. For the shell with conserved l = 1 angular momentum and s = 1/2 spin of each electron it reads
Being expressed in the basis of Fock states the Hamiltonian (2) takes the form introduced in Ref. [42] and can be split into a part which corresponds to a density-density type of the interaction and the remaining off-diagonal terms, which include spin-flip and pair-hopping terms:
Hereσ denotes the opposite of σ. The model (3) keeps its degeneracy in a cubically symmetric environment and as such (with an introduction of parameter U , here equal to U − 2J) is used for a description of a three-orbital t 2g and also two-orbital e g electronic shells 43 , obtained for Table I . Eigenfunctions of the rotationally invariant (top) and "density-density" (bottom) Hamiltonians, which belong to the subspace of the double electronic occupancy for the twoorbital model. n denotes number of electrons, E -energy of the eigenstate, S -total spin, Sz -spin projection on the z-axis, g -degree of degeneracy. The ground state is typeset in bold. Table II . Eigenfunctions of the rotationally invariant (top) and "density-density" (bottom) Hamiltonians, which belong to the subspaces of two-and three-electrons occupancy for the three-orbital model (2) . The notations are the same as in crystal field splitting of the d-shell. Note that equation (2) is not applicable for the two-orbital case. Several remarks should be done about the singleatomic limit of the model. At t = 0 rotationally invariant and "density-density" models have different degeneracy of the ground states in various electronic occupation sectors. The spectrum of the model is shown in tables I and II for two-and three-orbital complexity respectively out by Pruschke and Bulla 14 the change in the character of the ground states has a profound impact on the excitation spectra. Kondo-type spin-flip processes are clearly possible in the atom with a multiplet classification of multielectron levels, where S z can be changed to S z ± 1, preserving the atomic energy. Hund's rule guarantees that the ground state in a rotationally invariant model has the largest possible S 2 , so that the processes S z → S z ± 1 are indeed allowed and the contribution to the central quasiparticle peak of Kondo scattering is present.
In the "density-density" case the ground state has a lower degree of degeneracy and consists only of Fock states with all spins aligned in one direction which corresponds to the Ising-type interaction. The spin projections of different ground states differ by ∆S z = 1 for the 2-band model and by ∆S z = 3/2 for the 3-band model, so no scattering process in the impurity can induce a gapless Kondo excitation. This behavior is observed in the excitation spectra of the lattice models in the vicinity of a Mott transition and is discussed in section IV and its analytic treatment in this case is presented in Appendix A.
The change in the degree of degeneracy of the ground state of the "atomic" solution of the model has a clear consequence on the Curie-law dependence of inverse magnetic susceptibility on temperature, shown in Fig. 1 . In the low-temperature regime T J < U the Curie constant is obtained as a response of a single S = 1 or 3/2 spin for two-and three-orbital models respectively. The density-density type Hamiltonian possesses only states with |S z | = S and thus has larger Curie constant and magnetic susceptibility. Indeed at T < J, C
In the hightemperature regime weights of all states become the same and the Curie constant is defined solely by the dimensionality of the Hilbert space and has no difference between density-density and rotationally invariant models.
III. STATIC MAGNETIC SUSCEPTIBILITY CALCULATION
We proceed now with the lattice calculations. In the limit of infinite dimensions the linked-cluster interaction expansion 44 of the Hubbard model is reduced to the analogous of the Anderson impurity model 13 , with the effective hybridization function ∆ ασ (iω n ) equal to
where the spin-polarization can be imposed withσ index to stabilize the anti-ferromagnetic ordering. The action for the lattice problem then can be replaced with the following: (6) where ω n are Matsubara frequencies,Ŝ z = 1 2 α (n α↑ − n α↓ ) is the total spin projection along the z axis and electronic magnetic moment is taken as unity. In order to obtain the static magnetic susceptibility a small external magnetic field h is applied along z axis. The magnetic susceptibility then reads:
where q = 0, X are generalized Brilloin zone points corresponding to ferromagnetic (0) or antiferromagnetic (X) staggered magnetic field. Finally, the critical (Curie/Neel) temperature is obtained by a linear interpolation of the Curie-Weiss law:
where C is the Curie constant. Since at the limit of infinite dimensions the lattice effects are included at the dynamical mean-field level, the Weiss temperature obtained in the aforementioned way is indeed the magnetic ordering temperature 45 . Note that it is also positive for the antiferromagnetic ordering as a response of bipartite (5) lattice on the staggered field (7) applied with q = X. This corresponds to the χ( q = X) susceptibility in finitedimensional lattices.
The results for the inverse of the static magnetic susceptibility as a function of temperature for the models with full rotational invariance and density-density type of the interaction in the particle-hole symmetric case are plotted on Fig. 2 . First, it is seen that exactly as in the case of an "atomic solution" on Fig. 1 an increase of the total number of orbitals leads to an enhancement of the static magnetic susceptibility in the half-filled case, yet in the lattice it is also followed by a corresponding increase of the Neel temperature. The ratio between T c in halffilled rotationally-invariant two and three orbital models is equal to 1.7 which is a bit less than the 15/8 ratio of the mean field critical temperatures in the Heisenberg model, for which the magnetic ordering temperature in the mean field approximation is defined as T c = J zS(S +1)/3 with the magnetic exchange constant J and z nearest neighbors in the lattice. The difference between these values is associated with the charge fluctuations absent in the Heisenberg treatment. Comparing curves for the twoorbital model at U/t = 8 and U/t = 4 with the same value of J = 1.2t reveals that an increase of Hubbard U and thus a reduction of the effect of charge fluctuations leads to a small change in the Curie constant and does not affect the Neel temperature in this regime.
The important consequence of taking into account spin-flip and pair-hopping terms is that it leads to a decrease of a magnetic ordering temperature. It is clear that the spin-flip terms generally help to rotate large local magnetic moments and reduce the critical temperature. This behavior has a prototype in a comparison of critical temperatures of Ising and Heisenberg models. In the half-filled case on Fig. 2 the magnitude of this effect is approximately 20% both for two-and three-orbital models.
The curves for the inverse of the static magnetic susceptibility as a function of temperature away from half- filling are plotted on Fig. 3 . The case of the one-third filling (with n = 2 electrons) in the three orbital model is of particular interest. Previously it has been shown that a state with a frozen moment is realized at low temperatures at moderate values of U 34 , whereas an increase of U leads to the ferromagnetic spin ordering 36 . We thus impose a self-consistency condition (5) without spin inversion in this case 46 . It is first seen, that the static uniform magnetic susceptibility is larger than in the halffilled case. An explanation for this fact is that the degree of degeneracy of the ground state and thus the magnetic moment of the shell with two electrons is larger than of the half-filled one by a combinatorial factor (see Table  II ). Larger magnetic susceptibility in the one-third filled three-orbital shell leads to an enhanced ratio between Curie temperatures of the density-density and rotationally invariant Coulomb interaction models which in the described case reaches a factor of two. This enhancement is related to the fact that correlation effects are almost completely dominated by the Hund's parameter J, while the effective Coulomb interaction is sufficiently reduced. The difference between the half-filled and one-third filled cases is covered in greater detail in Discussion.
A large doping of the system which corresponds to n = 1 average electrons number per site in the two orbital model leads to the obvious result. It is seen on Fig. 3 that in this case no spin-flip or pair-hopping processes which involve two electrons can occur, and thus there is no difference between rotationally invariant and density-density models. The fact that the line of the inverse magnetic susceptibility crosses 0 at a negative value corresponds to the fact that the model in the described regime stays paramagnetic at zero temperature 28 . 
IV. DENSITY OF STATES
In this section we study the low-temperature behavior of rotationally invariant and density-density models and probe the Mott transition by changing the onsite interaction parameter U in two and three-orbital models at various fixed temperatures at half-filling. In order for the Mott transition not to get hidden by the antiferromagnetism the paramagnetic model is studied and the symmetry against spin inversion in the effective impurity model is enforced. The external magnetic field is kept at zero value.
Densities of states for the two-orbital model in the vicinity of a Mott transition obtained by analytic continuation 47 for various values of U are plotted on Fig.  4a . The parameters are chosen to be the same as in Fig. 7 of Ref. 14 and J is fixed at U/4, yet the finitetemperature behavior at T = 0.04t is described here. The curves for the rotationally invariant interaction (3) are reminiscent of the single-band Hubbard model and at U < U c ≈ 3.3t show a quasiparticle peak at the Fermilevel, coupled with shoulders from the Coulomb interaction at ±U/2, whereas at U > U c the charge gap in the density of states is opened. The finite temperature effects lead to the lack of "pinning" of the central quasiparticle peak and thus its height is not fixed for different values of U in the metallic side. This effect is clearly seen on Fig.  4b , where the value of density of states at Fermi level is plotted as a function of U at different temperatures.
Here a decrease of the temperature leads to "straightening" of the line of A(ω = 0) values in the metallic part and so one expects the "uncorrelated" value of DOS to be restored at zero temperature. A comparison of the rotationally invariant and "density-density" curves at Fig. 4a and 4b reveals the same effect previously observed at zero temperature 14 , namely that taking into account only "density-density" part of the interaction leads to a breakdown of the central quasiparticle peak at Fermi level and thus to a sufficient reduction of the critical U to ≈ 2.9t. In order to explore the difference between models in greater detail we fix the value of U and plot several densities of states at U = 3.14t and U = 2.9t for rotationally-invariant and "densitydensity" models respectively on Fig. 5 . These points are chosen close to U c so that at the temperature T = 0.1t both models show no quasiparticle peak at Fermi level. With a decrease of temperature to 0.035t the three-peak structure is observed for the rotationally-invariant model while the gap persists in the "density-density" case. The fact that the central peak emerges with decreasing of the temperature reveals its truly Kondo nature. This also indicates that absence of this peak is related to the lack of Kondo-type resonances in the "density-density" model.
We conclude this part by comparing densities of states of the half-filled three-orbital model for the rotationally invariant and "density-density" interactions at various U in the vicinity of a Mott transition on Fig. 6 . The curves are almost identical to the two-orbital ones and the same behavior of the central peak is seen. The main difference is that the value of critical U is even more suppressed to ≈ 2.6t and ≈ 2.2t in the rotationally invariant and "density-density" models respectively. This reduction of critical U with the number of orbitals directly follows from the formula (3). Keeping J = 0 restores the U c = 4t value of the critical interaction strength 14 . A more detailed discussion on the mechanism of formation of the central quasiparticle peak is given in Appendix A.
V. DISCUSSION
The results obtained demonstrate a drastic difference between the two different regimes, namely for the halffilled and the one-third filled case. The physics of a particle-hole symmetric system is clearly of the Mott type. Hubbard bands are formed near the point of metalinsulator transition (see Figs 4, 5, 6) , which coincides with the divergence in the "antiferromagnetic" susceptibility. On the other hand, the DOS for the one-third filling (Fig. 7) does not demonstrate any signatures of the Hubbard band formation and the system is very far (2) with one-half and one-third fillings at U = 2.6t, J = U/4, T = 0.05t. The halffilled curve shows an insulating diverging behavior, whereas the curve for a one-third filling reaches a finite value with a proximity to zero. The inset shows the curves for one-third filling zoomed at first Matsubara frequencies. from Mott transition. We can attribute this effect to a large reduction of the effective Coulomb interaction strength from U ef f = U + 2J in the three electron case to U ef f = U − 3J for two electrons in the three orbital model 11 . However, it does not mean that the one-third filled system is not correlated. As the main measure of the strength of correlations, one can consider the local selfenergy function Σ ω . Figure 8 depicts ImΣ in Matsubara domain. For the half filling, the behavior is typical for Mott materials: Σ tends to diverge near Fermi level. For one-third filling, the system is metallic with a big damping due to a strong scattering on spin fluctuations. Larger absolute value of the self-energy at the Fermi level, obtained from the extrapolation from the first Matsubara frequencies (inset of Fig. 9 ) indicates less coherent quasiparticles in the "density-density" model while both curves with a decrease of temperature approach zero as it is expected for the Fermi liquid and "frozen moment" phases 31, 34 .
The main curve on Fig. 9 shows that while the introduction of the full rotationally-invariant interaction brings a minor difference to the density of states (on Fig.  7 ) and the absolute value of the self-energy (in the inset) the effective mass is much more susceptible to the particular form of the interaction. This is a manifestation of the strong correlations in the system. For the densitydensity type of model for J = U/4 with the decrease in temperature the effective mass is ≈ 2.5 times smaller than for the model with the rotationally-invariant interaction. Several mechanisms of this effect are possible. First, the stronger enhancement of an effective mass in the model with the rotationally invariant interaction can be attributed to the 1.5 times larger degree of degeneracy of the ground state of the atomic model 11 . Beside that, in the described models correlated electrons interact with effective spin fluctuations. The Ising-like interaction produces fluctuations only for the z-component of a spin, whereas the Heisenberg type of interaction imposes quantum fluctuations for all spin components. In the simplified description, where the interaction between electrons is replaced with the interaction with the fluctuating classical field, one expects that the electronic selfenergy behaves as the square of the field fluctuations. The latter in general are bigger for the Heisenberg than for the Ising type of fluctuations.
In the standard single-band Hubbard model, s = 1/2 single-particle local momenta appears because of the Uterm in the Hamiltonian. The peculiarity of multiorbital physics is a formation of a many-electron multiplet picture. Taking into account the exchange term J with full rotational invariance is of a principal importance here, because it is responsible for the Hund's rule validity for many-electron configurations. The difference between the two cases can be attributed to the mechanism of local moment formation. For the U term, the formation of local momenta is accompanied with the localization of electrons; Hubbard bands appear due to the charge fluctuations. On the other hand, Hund's mechanism of a local moment formation does not require localization; momenta can appear in a well-developed metallic state. One can refer to the terminology of 'Hund's metal' introduced previously 48, 49 .
Clearly, the difference between the rotationally invariant and Ising-type interaction is more pronounced for the Hund's metals. Indeed, charge fluctuations almost do not contribute to the electronic Green's function, the U term is not of importance, and correlation effects are related with spin fluctuations. In this situation, a particular form of the exchange part of Hamiltonian must affect the result strongly. Larger effect of the symmetry of Hamiltonian on the transition temperature for the one-third filled system (Fig. 3) and bigger enhancement of effective mass (Fig. 9 ) confirm this statement.
VI. CONCLUSION
We conclude that the magnetism of degenerate orbital Hubbard-like models away from the half filling is dominated by the Hund's rule effects. In this case it is of crucial importance to keep the proper spin-rotational symmetry of interaction Hamiltonian for the estimation of the critical magnetic temperatures and effective masses. The corresponding single-particle properties are normally metallic while effective Coulomb interaction is small. In the half-filled case, this situation is opposite: the dominating physics is normally related with the large effective Coulomb interactions and so the antiferromagnetic transition temperature is not very sensitive to the particular symmetry of the Hund's rule term. The single particle spectrum in this case can be quite sensitive to the spinflip terms due to the Kondo-like effects. In this appendix we provide the analytical formalism to explain the appearance of the central peak in the density of states of the half-filled model with a rotationally invariant interaction as compared to the "density-density" counterpart. It was previously noted by Pruschke and Bulla 14 that the particular structure of the ground state of all spins aligned in the same direction in the "densitydensity" model does not allow for the appearance of the central peak. This description is clearly valid in the Kondo limit, however for the system in the strongly correlated regime the argumentation requires some extra justification. To proceed with this case, we employ the "hybridization-like" expansion in auxiliary fermionic variables (dual fermions) around an exact solution of the atomic problem 40 . The vertex functions of the atomic problem are used in the diagrammatic expansion. The appearance of the peak is connected to the divergence in the dual fermion self energy. It will be shown that in the model with a rotationally invariant interaction this divergence is guaranteed by the structure of the vertex function.
One important circumstance is that for a degenerate atomic ground state such a theory cannot be constructed straightforwardly, since the degeneracy, in general, breaks the perturbation series. In a work by Hafermann et al. 50 the dual fermion perturbation theory is written for a symmetric single-band Anderson model (see figure 4 of [50] ). It has been shown that the Kondo-like resonance is correctly reproduced within this approach only if the reference system ("isolated atom") is in fact not just a single impurity atom, but a cluster including the impurity and at least one bath site ("superperturbation theory"). The superperturbation theory does not suffer from the degeneracy issue, because the ground state of such a cluster is a singlet.
An alternative way proposed in [40] is to deal with a single isolated atom, and to break the symmetry of its ground state with a small external field, so that the perturbation series is constructed around a polarized atomic solution (a similar approach was proposed by Logan 51 ). Such a symmetry-broken version of the theory makes a qualitative analysis feasible.
For simplicity, we consider the paramagnetic phase only (that is, put h = 0 in (6)) and write the formulae for the zero temperature. The impurity action S imp is split into a sum of an atomic action corresponding to the Hamiltonian (3) and a hybridization term (a summation over orbital and spin indices α is supposed):
where ∆ α (t − t ) is the self-consistent hybridization function. The integrals are taken over the axes of real times t.
An infinitesimal field h α is introduced to break the symmetry of the atomic problem; the result will be averaged over all possible orientations of h α . Following the procedure of the dual transformation 40 , a new set of fermionic (dual) variables f * α , f α is then introduced through a Hubbard-Stratonovich decoupling of the last term in (A1): c
f . An average value, represented by a path integral over c * , c with a kernel exp(iS imp ) now can be rewritten in the introduced mixed representation as an integral over both c * , c and new variables f * , f . Moreover, it is possible to switch to the pure dual representation by integrating out only c * , c variables. This leads to a dual action with, in general, nonlinearities of all even orders:
Functions g α ( ) are one-particle Green's functions of the atomic problem: g α (t − t ) = −i Ψ|Tc tα c + t α |Ψ , where T is the time-ordering operator and g α ( ) is the Fourier transform of the g α (t − t ), g α (ε) is α-diagonal for the models under consideration. Coefficients of quartic and higher terms of dual potential V d [f * , f ] are proportional to irreducible vertex parts of the atomic problem (without fermionic legs).
It can be shown that a partition function and any observable of the physical electrons is rigorously related to the dual counterparts. In particular, for the impurity Green's function we have
The dual self-energyΣ α ( ) is defined through a standard Dyson equation for the dual particles. Just like in the case of physical electrons, the low-frequency behavior of the self-energy for the dual fermions reflects the occurrence of an insulating gap.
We can see from (A4) thatΣ(0) → ∞ leads to a metal DOS obeying the Friedel sum rule, andΣ α (0) → 0 leads to the Hubbard-I solution with an insulating gap (which may be of zero width). This fact is somewhat opposite with respect to the analogous statement for the physical self-energy. But it comes as no surprise, since the physical Σ α ( ) is an essential building block in the weak coupling theory and, as it mentioned above, we are dealing with the strong coupling expansion.
The dual fermion representation allows to construct a conventional diagrammatic perturbation theory forΣ usingG 0 α ( ) as bare lines on the diagrams, and the irreducible vertex parts as frequency-dependent expansion parameters. All standard statements, including the Wick's theorem, the linked-cluster theorem and the Dyson equation hold for the dual perturbation theory.
One can understand the dual perturbation theory for an impurity model as an alternative formulation of the strong coupling expansion. Indeed, the zeroth order of the theory coincides with the Hubbard-I approximation, but the dual transformation gives us Wick's theorem and therefore the ability to develop a simple diagrammatic perturbation theory. The conventional formulation of the hybridization expansion is lacking the Wick's theorem, because the isolated atom is an essentially nonlinear system. Thus the achievement of Wick's theorem cannot come at no price, and the price for it is the emergence of the higher nonlinear terms in the dual action.
We are going to estimate the lowest-order contribution to the dual self-energy ("Hartree" diagram).
Note that this diagram equals zero for the dual series built on top of a DMFT solution. However, here we construct an expansion on top of the atomic problem, and (A5) does not vanish. Moreover, we will discuss in what case it diverges at the Fermi level. In accordance with the discussion above, such a divergence indicates a pinning of the metallic DOS.
Let us analyze expressions for the two-particle Green's function χ (4) 1234 and the corresponding vertex function Γ (4) 1234 . For real frequencies at T = 0 there exists a spectral representation for χ (4) 1234 in analogy to expressions given in Refs. 52 and 50: 
φ klm (z 1 , z 2 , z 3 , z 4 ) = −i 1
where |Ψ is the ground state, indices k, l, m denote the eigenstates of the Hamiltonian (3) and Π denotes the permutation of the operators, which happens due to the time-ordering. The sum over Π is thus a sum over all 24 permutations of operatorsÔ = {c 1 , c 2 , c The symmetry breaking of the atomic problem by an infinitesimal external field makes the ground state Ψ unique and so no summation over Ψ is performed. The k, m states differ from Ψ in the number of particles, and have therefore a different energy (see Tables I, II) . Contrary, E l can coincide or be very close to E Ψ (if l coincides with Ψ or another ground state of the unperturbed atom, respectively). This "singular" case is particularly interesting to us, because a resonant kernel (z 1 + z 2 + iδ) −1 may turn into ( − ± iδ) −1 in the formula (A5) and result in a logarithmic divergence at → 0 as soon as G 0 β ( ) goes to a finite value at the Fermi level. The multiplet structure of the atomic ground state is of crucial importance here. First of all, if the ground state of the atomic problem is unique, a singular term in the two particle Green's function will inevitably correspond to |l = |Ψ . But such singular terms cancel with the one-particle reducible part and thus do not enter the vertex. From this we conclude that singular terms in Γ (4) 1234 appear, in general, for atoms with a degenerate ground state. Furthermore, not all of the states of the multiplet contribute to the singular part, since |l is connected to |Ψ by a pair of creation-annihilation operatorŝ O Π1 ,Ô Π2 . It means that a contributing term is produced only when total spin projections of states |l and |Ψ differ by ±1.
A resonant term ( − ± iδ) −1 in the integrand of (A5) results in the logarithmic divergence ofΣ( = 0) and, consequently, in the pinning of DOS at Fermi, wheñ G 0 β (0) is finite. The latter is true if both ∆ β (0) and g β (0) are finite. When the first part of the condition means the bare density of states being conductive, the last one is satisfied when the particle-hole symmetry is broken in the corresponding β-mode. But as we consider solutions with broken symmetries, there must be at least one combination of indices β and |Ψ which gives g β (0) = 0.
Now it is easy to see that an impurity model with the density-density interaction does not produce a pinned solution, whereas rotationally-invariant does. The ground states of these models are two-fold degenerate (see tables I and II). Components of the doublets have the same orbital moment projections but their spin moment projections differ by ∆S z = 1 for the 2-band model and by ∆S z = 3/2 for the 3-band model. There is no such a pair of operators c α c + β which could connect the components of the doublets, because the differences ∆S z are too big. As a consequence, singular terms in Γ (4) 1234 are not produced by density-density interactions in the electron-hole symmetric case and the resulting impurity DOS turns to be insulating within the chosen approximation for the dual self-energy.
